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Abstract 

In this note we clarify some issues in six-dimensional (1,0) supergravity coupled 
to vector and tensor multiplets. In particular, we show that, while the low-energy 
equations embody tensor-vector couplings that contribute only to gauge anomalies, 
the divergence of the energy-momentum tensor is properly non- vanishing. In addi- 
tion, we show how to revert to a supersymmetric formulation in terms of covariant 
non-integrable field equations that embody corresponding covariant anomalies. 
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1 Introduction 



Six-dimensional (1,0) supergravity has attracted a large interest in recent years for a 
number of reasons [|l|. On the one hand, vector multiplets coupled to variable numbers 
of tensor multiplets arise naturally in perturbative type-I vacua 0, and therefore, via 
duality, play a ubiquitous role in non-perturbative string phenomena. On the other hand, 
the field equations have revealed the explicit realization of a peculiar aspect of the physics 
of branes. Namely, branes wrapped on vanishing cycles in the internal manifold may result 
in the exotic phenomenon of transitions related to tensionless strings , and indeed some 
peculiar singularities in the gauge couplings of (1, 0) models in moduli space @, |^ can 
be ascribed to phase transitions whereby a string becomes tensionless [0. On a more 
technical side, these equations present the novel feature of a Green-Schwarz mechanism 
implemented by terms present in the low-energy effective action, at least for the gauge 
part of the residual anomaly. One is thus facing a case of unprecedented complexity in 
supergravity constructions, whereby the model is determined by Wess-Zumino conditions 
rather than by the usual requirement of local supersymmetry. Moreover, as pointed 
out in [|], the algebra contains a two-cocycle and the resulting equations are not unique. 
By and large, this is a remarkable laboratory for current algebra, where one can play 
explicitly with anomalous symmetries and their consequences. 

The present note is devoted to some aspects of current algebra related to the energy- 
momentum tensor that, although rather simple, are somewhat surprising and were not 
noticed in |p. The corresponding analysis is carried out in the next Section. An addi- 
tional, related problem has to do with the formulation of the resulting equations, that 
were originally derived in 0] to lowest order in the fermion couplings by requiring local 
supersymmetry. The subsequent work of and has developed the consistent for- 



mulation, but one can actually revert to a covariant formulation, at the price of having 
non-integrable field equations. The relation between the two sets of equations is one more 
instance of the link between covariant and consistent anomalies in field theory |jTlj|. Once 
more, here the anomalies are induced by local couplings of the two-forms, and everything 
is totally explicit. The resulting covariant equations turn into one another under local 
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supersymmetry and complete to all orders in the fermi fields the results of 



2 The energy- momentum tensor of six-dimensional 
(1,0) supergravity 

In six- dimensional (1,0) supergravity coupled to an arbitrary number of tensor and 
vector multiplets, the n scalars in the tensor multiplets parametrize the coset space 
SO{l^n) / SO{n), and are described by the SO{l,n) matrix 



All spinors are symplectic Majorana-Weyl. In particular, the tensorinos x™" are right- 
handed, while the gravitino and the gauginos A are left-handed. The tensor fields -B^^, 
are valued in the fundamental representation of 50(1, n) and satisfy the (anti) self-duality 
conditions 

Gr,H'^^''p = ^e^'P''^^Hra.i,, , (2.2) 
be 

where G^s = VrVg + x'^x'^. Moreover, their field strengths include Chern-Simons 3-forms 
for the vector fields according to 

H'- = dB'' - e'u, , (2.3) 

where the (f^ are constants that determine the gauge part of the residual anomaly poly- 
nomial 

^ = - E t^-i^ ^ ^) t^yiF" A F) (2.4) 

rs 

and z runs over the various factors of the gauge group [^. Gauge invariance of then 
requires that 

SB' = c'Hr,{MA) . (2.5) 
The complete field equations were determined in p| from the commutator of two super- 



symmetry transformations on the fermi fields, in the spirit of |13, 12|. The resulting 



model, however, has gauge and supersymmetry anomalies (to be canceled by fermion 
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loops) related by Wess-Zumino consistency conditions and is not unique. Aside from sub- 
tleties related to the (anti)self-dual antisymmetric tensors |T^, all field equations may be 
derived from 



8e 

+ ^VrC^Hn{h,.pX){x'^YV) 

-'-{n,u^p)xTc''tr,iXY'''X) - '-x'rc'-HrM'^YYX){^,^A)] 
-^VrdHn[{x"^X){x"'X)] - ^VrC^Hr,[{x"'^,A){x"'Y''X)] 

+ ^(^^7,vl/^)(V-^A) - ^VrVsC^-'c'^'tr^^^iX^.XXXYX')] 

+ ^c^^c^:tr,Aih,X')CXrX')] , (2.6) 

where a is an arbitrary parameter whose role was discussed at length in . The variation 
of £ with respect to the supersymmetry transformations 

1 



Svr=xT{x'^e) , 

71' 



= ^(^7^^) 



1 3z 

16 



+ ^^(x'"7M.e)7^^A (2.7) 
gives the supersymmetry anomaly 

ip — ?P — — 

+^6,e,^{XY'''m'laupX') - ^5eA^(W7^A')(A'7.^p) 

+'-^^[-^6,A,{xYx')Cx'xn - -^s^A.ixY^'m'^.pxn 

7 — — cypp^ — — 

=5,A,(A7.A')(AV^X'")] + 5e/^(A7^A')(A7.A') 



+eM^H«F,,(AV'^''A') + V^^AOF;^ - 6««(A7'^A')F;J 
+5Aj^^^[-iaV2{X^^X'){X'xn + ;^(A7.pX'")(AV'^^A')] 



+M^^^[^(A7^A')(A'x'") - ;^(A7^'^^A')(A'7.pX™) 



1 f\ — — 

+^(A7.A')(AY^X")]} , (2.8) 

while the variation of C with respect to vector gauge transformations gives the consistent 
gauge anomaly 

AK = -\e^^''^^'clc'-'''tr,{Kd,A,)trAFapF^5) • (2.9) 

The commutator of two supersymmetry transformations on the fermi fields closes on 
the equations of ( |2.6| ), generating all local symmetry transformations, as well as the extra 
two- CO cycle 

qZ^Tz' Y 

Sextra{a)>^ = [(^1 , ^2]ei^tra(a) A = tr^/ [- - (ei7^ A^ (627^ A')7^'' A 

VgC 4 

-f (A7MA')(ei7.A07"'^e2 + ^(A7,.pA')(ei7^A')7"^e2 
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+^(A7pA')(ei7^^^A')7,.e2 + ^(A7,A')(ei7^A')e2 - (1 2) 

+ ^f{^ir^2){\'l,.A')Y'\] (2.10) 

for the gauginos. The presence of the arbitrary parameter a reflects the freedom of adding 
to the anomaly the variation of a local functional, consistently with all Wess-Zumino 
conditions. In six dimensions these close only on the field equations of the gaugini, and 
the two-cocyle grants the consistency of the construction for all values of a 0. It would 
be interesting to perform a cohomological analysis in superspace of this system along the 



lines of ||15||. 



The gauge anomaly = ^a-C naturally satisfies the condition 

AK = -tr{KD^r) , (2.11) 

where J'^ = is the complete field equation of the vector field. One can similarly show 
that the supersymmetry anomaly is related to the field equation of the gravitino, that we 
write succinctly J^^ = 0, according to 

A = -{eD^J^) . (2.12) 



We would like to stress that the Noether identities (|2.11| ) and ( p.l2| ) relate the anoma- 



lies to the equations of the fields whose transformations contain derivatives. This obser- 
vation has a natural application to gravitational anomalies, that we would now like to 
elucidate. In fact, in analogy with the previous cases one would expect that 

A^ = 6^C = 2^^D,T^'' , (2.13) 

where the variation of the metric under general coordinate transformations is 

Sg^iu = -Cdag^u - Qaud^C - Qm^vC ■ (2.14) 

Thus, for models without gravitational anomalies one would expect that the divergence of 
the energy-momentum tensor vanish. Actually, this is no longer true if other anomalies are 
present, since all fields, not only the metric, have derivative variations under coordinate 
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transformations. For instance, in a theory with gauge and supersymmetry anomahes, the 
gravitational anomaly is actually 

A^ = 6^c = 2^,D;r^''' + iMA'D^r) + U^^D^j^) . (2.15) 

In particular, in our case we are not accounting for gravitational anomalies, that would 
result in higher- derivative couplings, and indeed one can verify that the divergence of the 
energy-momentum tensor does not vanish, but satisfies the relation 

D^T'^" = -hriA-D^J^) - ^i^'-D^J^) . (2.16) 

3 Covariant field equations and covariant anomalies 

It is well known that consistent and covariant gauge anomalies are related by the diver- 



gence of a local functional [|TT|. In six dimensions the residual covariant gauge anomaly 
isi 

Ar = ^e^''-^^'j^c^,'tr,iAF,,)trAFLpF!:^s) , (3-1) 
and is related to the consistent anomaly by a local counterterm, 

Ar'+tr[AD,r] = Ar , (3.2) 

where 

F = cy^'i-le^-'-^^'AarAK^Ks) ' uj'^^,} . (3.3) 

Comparing eq. ( p.3|) with eq. (|2.8| ) one can see that, to lowest order in the fermi fields, 

A, = tr{6,A,n , (3.4) 

and this implies that the transition from consistent to covariant anomalies turns a model 
with a supersymmetry anomaly into another without any 0, |T0|. Indeed, six-dimensional 



supergravity coupled to vector and tensor multiplets was originally formulated in this 

fashion in to lowest order in the fermi fields, extending the results of Romans [00. The 

^The complete coupling to a single tensor multiplet, as well as to vector and hyper multiplets, was 
originally constructed in fl^ for the special case of vanishing residual anomaly. 
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resulting vector equation is not integrable. Moreover, the corresponding gauge anomaly is 
not the gauge variation of a local functional and does not satisfy Wess-Zumino consistency 
conditions. 

This result can be generalized naturally, if somewhat tediously, to include terms of 
all orders in the fermi fields. The complete supersymmetry anomaly of eq. ( p.8|) has the 
form 

A = tr(MMn + 5ee/(?^a , (3.5) 
where to lowest order is defined in eq. ( ^731) . Modifying the vector equation so that 

(eg. A'^)(,H = ^rco.) = ^-r , (3.6) 

and similarly for the Einstein equation, the resulting theory is supersymmetric but no 
longer integrable. The covariant vector field equation is 



2 

+z\/2D,K('I',7^VA)] + v^D.[x:r^(x'"7'^^A)] 
-'-F^p^'trAXV^') - ^c,^'tr,,[(V^A')Fg -zc^'[(A7.A')F"^1 
+ ^c^'try[(A7^7VA')(A'7.^p)] 

+ ^(A7-^A')(A%x-) 

+^(A7.A')(AV'^X'")] 

+4tr4taF,p{XY"'y) - ta{\r'''\')Flp + 6za(A7"A')F;j 

VtC 2v 2 

+^f-^t^A'^{^l'>^'){>^'xn + ^(V'^''A')(A%x'") 

? rv — — 

-^(A7.A')(AY^X™)] = , (3.7) 

and completes the results in ^ to all orders in the fermi fields. Its divergence satisfies 

tT{KD,J^^^^;) = -AT , (3.8) 



where A']^^ contains higher-order fermi terms: 

— 7P — — 

^ AZ},J(W7''A')(A'7.^p)] 



2v^ 



+^A/^,{^[-^(VA')(A'x™) - ^(A7-^A')(A'7.pX-) 

^ KAt.aOIaV'^x™)]} 



2v^ 

+eAD,{^^[-^aV2cxrm'xn + i^ihu^DC^vm 

VtC Ly L 

+eAD,{^[-^(A7^A')(A'x'") - ^(A7'^^^A')(A'7.pX"^) 

1 C\ — — 

+^{Xi.x')CxY''xn]}} ■ (3.9) 

Finally, one can study the divergence of the Rarita-Schwinger and Einstein equations 
in the covariant model. To this end, let us begin by stating that the derivation of Noether 
identities for a system of non-integrable equations does not present difficulties of principle, 
since these involve only first variations. Indeed, the only difference with respect to the 
standard case of integrable equations is that now 6C is not an exact differential in field 
space. Still, all invariance principles refiect themselves in linear dependencies of the field 
equations. Thus, for instance, with the covariant equations obtained from the consistent 
ones by the redefinition of eq. ( p.6| ) and by 

ieq.e^a)(cov) = -^-9''a , (3.10) 

the total 6eC vanishes by construction. The usual procedure then proves that the diver- 
gence of the Rarita-Schwinger equation vanishes for any value of the parameter a. On 
the other hand, the divergence of the energy-momentum tensor presents some subtleties 
that we would now like to describe. In particular, it vanishes to lowest order in the fermi 
couplings, while it gives a covariant non-vanishing result if all fermion couplings are taken 
into account. The subtlety has to do with the transformation of the vector under general 
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coordinate transformations, 



= -r^^A^ - ^/.r^a , (3.11) 



and with the corresponding full (off-shell) form of the identity of eq. (p.l5 ). Starting 
again from the consistent equations, one finds 

= 5^C = 2e.I^^T^" + ^MA'^D^J'^) + iMF'^'Ji^) + U^^'D^J^') . (3.12) 

Reverting to the covariant form eliminates the divergence of the Rarita-Schwinger equa- 
tion and alters the vector equation, so that the third term has to be retained. The final 
result is then 

D.Tl^L) = -ItriA'^D.Jl^co.)) - Itrif.Fn - ^triA'^D^n - h^^D.g'^^ , (3.13) 

and is nicely verified by our equations. In particular, this implies that, to lowest order in 
the fermi couplings, the divergence of T^'^L) vanishes. 
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